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Abstract 


Recently, the leading soft gluon theorem with single soft emission was shown 
to be the Ward identity of a two dimensional G-Kac-Moody symmetry. In this 
note, we show that the leading soft gluon theorem can be interpreted as the 
Ward identity for the asymptotic symmetries of non-Abelian gauge theory. We 
further argue that the sub-leading soft gluon theorem can follow from the same 
symmetry. 


1 Introduction 


As the most perfect microscopic structures in the universe, scattering amplitudes have 
been undergoing a revolution in our understanding recently [I]. One of the most re- 
markable discoveries is the on-shell recursion relation for tree amplitudes [2][B] (also [4] 
from a different set-up). The perturbative S-matrix of massless excitations of the theory 
turns out to be much simpler than expected. The S-matrix is an object living at the 
boundary of space-time, so it is fair to ask whether this simplicity might be somehow 
connected to the structure of null infinity which is accessible to the massless excitations. 

Meanwhile, there has been renewed interest in asymptotic symmetries at null in- 
finity. The novel advance is the promotion of the asymptotic symmetries to nontrivial 
symmetries of the quantum S-matrix [5}{6]. The novel symmetries and the on-shell 
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recursion relations converge at the understanding of the scattering of very low-energy 
massless quanta i.e. soft theorems. On the one hand, the on-shell recursion relations 
provide a systematical way to derive soft factors at tree level [7H11]. On the other hand, 
the soft theorems can be interpreted as Ward identities of asymptotic symmetries [23] 
(see also [I4H22] for further development). 

With such connection in mind, one would expect that the emergence of one side 
would indicate the other. However, this is not always obvious. In practice, one can 
first associate certain soft theorem to the Ward identity of some unknown symmetries 
and then try to understand the nature of the unknown symmetries [23}34]. In Yang- 
Mills theory, the soft gluon theorem [35] has been connected to the Ward identity of 
a holomorphic two dimensional G-Kac-Moody symmetry [27]. This new Kac-Moody 
symmetry is argued to be related to the asymptotic symmetries derived in [5]. It would 
be definitely illuminating to show directly that the soft gluon theorem is just the Ward 
identity for the asymptotic symmetries of non-Abelian gauge theory following closely 
the line of [12|[13]. This is precisely what we will demonstrate in the following pages. 

In this note, we study a matter coupled non-Abelian gauge theory. The reason for 
coupling matter is to have a consistent investigation into both the leading and sub- 
leading soft gluon theorem, while the tree-level sub-leading soft factor vanishes in pure 
Yang-Mills theory [36] under a certain prescription in which one solves the momentum 
conservation of the hard gluons according to the cyclic order in partial amplitudes (see 
also a supersymmetric extension [37]). Our results show that the leading soft gluon 
theorem is nothing but the Ward identity for asymptotic symmetries of the matter 
coupled non-Abelian gauge theory. We also find that the sub-leading soft gluon theorem 
can follow from the same asymptotic symmetry responsible for the leading soft gluon 
theorem in a particular case where we consider only three-point vertices with one gluon 
coupling to two scalars. 

This note is organized as follows. In the next section, we derive the general solutions 
of non-Abelian gauge theory and define the associated charges. Section [3]is devoted to 
the connection of the leading soft gluon theorem and asymptotic symmetries. In section 
[4] we argue that the sub-leading soft gluon theorem can follow the same symmetry in 
the scattering of n scalars and one single soft gluon. We end this note with some 
discussions on future directions. There are also two appendixes in which we review the 
surface charge in non-Abelian gauge theories and the soft gluon theorems. 


2 4D non-Abelian gauge theory 


In this note, we will deal with theory living on the flat Minkowski spacetime in the 
retarded coordinates 


ds? = nwda"dx” = —du* — 2dudr + 2r?y,2dzdz, (1) 


where 7zz = ea This coordinate system will cover only future null infinity Z* at 


r — oo. The non-zero components of the Levi-Civita connection are 
1 
Meat Tere, Th =, T3 = 0, (2) 
r 


For simplicity, we consider a non-Abelian gauge theory with only scalar matter. The 
scalar fields are in the adjoint representation of the gauge group. The Lagrangian of 
the theory is 


1 a auv a a 
L= giet a Dud (D'¢ I (3) 
where the field-strength is defined by 
Fe, = ð, Ag — 0,A% + igy y C Ab AS, (4) 


and D, is the covariant derivative associated to the local group G, 
a a . abc jb ye 
DX’ = Vy X" + Gy yor A,X. (5) 


The group structure constant Cabe is totally antisymmetric and satisfies the Jacobi 
identity: 


Cwbecibde 4 Crabdcwbee y gabe ghed _ Q, (6) 
The equations of motion derived from the Lagrangian are 
D,E™ =g, J”, D,D" =0, D,D*5* = 0, (7) 
where 
JY = iC*™( DP — Dd"). (8) 


The Lagrangian of the theory is invariant up to the total derivative under the gauge 
transformation 


6-At = Dye*, 6.67 = i9,,,0 Pre’. (9) 


Asymptotic symmetries 


The asymptotic symmetry of 4 dimensional Yang-Mills theory was discovered recently 
in [5] (see also [27\[38]). We will derive the asymptotic symmetries of non-Abelian gauge 
theory with adaption to our conventions. The radial gauge 


At =0, (10) 


will be applied. The boundary condition of the rest components of the gauge fields is 
set to ensure the radiation flux is finite asymptotically: 


AL =O(r™), Af =O), =r), $= Olr). (11) 


uU 


The conditions (10) and (11) yield the residual gauge transformation parameter €°(z, Z). 
One can further check the symmetry algebra 


[de be. Al, Z Ôle1 e2] Ans [ðe > dea]0" = Île1 e2] 0°- (12) 


Asymptotic conserved charges 


The definition of charge in Yang-Mills theory is quite subtle in contrast with the Abelian 
case i.e. Maxwell theory. The reason is that the field-strength is covariant under gauge 
transformation in a non-Abelian theory. However this issue was fixed in Yang-Mills 
theory asymptotically by Abbott and Deser [39] (see also [40] for a comprehensive 
analysis). We compute the asymptotic conserved charge for scalar matter coupled 
theory (8) in Appendix [A] using the cohomological techniques MOAI]. The charge is 
given by 

Q= - f azaz r? yg et F. (13) 


Solution space 


In analogy with the charge associated to global symmetry, the charge (I3) is conserved 
on-shell asymptotically. Thus solving the equations of motion (7) in series expansion 
around Z* is necessary for further investigation. As a gauge theory, not all the equations 
of motion are independent. They are connected off-shell by the Noether identity] 


Dy [Dy FO = genT] = ideu 0 ™ [GD D" 9" =g DD]: (14) 
It will be very helpful to arrange (7) into 


e hypersurface equations: 
Dee = Jyu J”, (15) 


e standard equations: 


Dp =o ee J”, D,E”? = On J”, D,D”¢° =U, D,D"¢" = 0, (16) 


e supplementary equations: 
D F" ls (17) 


The advantage of such an arrangement is that (14) will be reduced to 


O, [VZ (D, F” = TE a =0, (18) 


when the hypersurface equations and the standard equations are satisfied. Hence, one 
just needs to solve 
V =g(D, F" = Ivu J”) = 0 (19) 


at order O(r°) and all the other orders (in +) will be zero automatically. That is the 


reason why they are called supplementary equations. 


'The Noether identity of this theory is given in a more elegant way Dy D, F°#” = 0. However, we 
find that is more useful in practice. 


We start to solve the equations of motion (@) with the hypersurface equations 
DF = g,,,J™, from which one can solve out 


AiO (U2 2) 


At = va fs T fra r” [00n AS + ðzðp AS 
+ ees e + “w + ry Pn ho = ry.26°O,nd?)| i (20) 


where A20) (u, z, Z) are integration constants. Suppose that A%, AS, ¢*, and ¢° are 
given as initial data: 


His œ AM”) (ug, z, Z) At = 3 au (uo, 2; Z) 
ee (21) 
a = gum) (uo, Zz, Z) Ta o gum) (uo, Z, Z) 

Q = 3 m+1 , $ = m+1 

m=0 T m=0 r 


A% are completely fixed up to the integration constants A@(u, z, Z). More precisely, 


A®) mgt A20) 


a _ u _ fez **u —3 99 

Ay r 2r2 EO (22) 

AG) = BAY + OAL + gy yg 0M (AO AB?) — AI AD + 42 POG — Ye2 PO GO). 
(23) 


The standard equations will determine the time dependence of A%”, Ae pum) 


and 6%) recursively. In particular, 


20, AS (1) _ = ð, An) sA 82 (0. aT — 8; A30) ty iy a1 Cte as pO = G9.) 
+ igy np yz COO, (AL AL) + tg, Hag CMA (8,42? — 02A) 
_ ig, „CC® A AS (0) te Na Oa, CMC Ae) Age ) Ae) 


+97, CHCA (gr be (0) a G20) gh), (24) 


20, A = ð; A200) _ y=19, (ð. AX _ a, z430) Figy Oh ( ” o — p0; g0) 
— igyu ya CMs (AM AZ) — igya COAL” (0,A3™ — 02A9)) 
— igy, O% a AS c(0) 4 ey Chor A Ag (0) ge(0) 


+ g Chege 440) (Og ie $20) gh), (25) 


YM 


28,0) = —2778,8.6 — inztg,,, g” 0, AL ge 4 0,40 go) 
Gig OP AO GO = Diy GC (A Od” + AM Oe”) 
Pietu OTAPA" ADV AD” e (26) 


20,69) = — 220.026) — iy Iyn C” (BAT? GO + BAGO) 
-_ iy a1 Craw po) _ 2ivg a% (4:0 0p + Aa” azp) 


Zz Iyu 
+ V9, Chec aca (ARO Ae i AZ Ag) ge), (27) 
However there is no constraint on the leading terms A%), AL 62 and 6%. We 
would refer to 0,A%), 6,42 0, gO, and ð p as news functions following the 
terminology of [42H44]. The appearance of news functions reflects the local propagating 
degree of freedom. 
In the end, the supplementary equations D, F" = gy„J®™ control the time evolu- 
tion of the integration constants as 


ð, A2 — yzl ðu (3,430 ji 0, Ag) gi iy gyp C (4200, ag _ Ag 0, A) 
1 igy u cme (ga, g = GD, Gg?) : (28) 
We summarize as follows: to specify one solution to the non-Abelian gauge sys- 
tem (8) with the conditions (10) and (1), one must specify the data AM”) (uo, z, Z), 
AL (ug, z, 2) p (up, z, Z), Pt (uo, z,Z) (m > 1) and A2% (uo, z,Z) at the ini- 


tial time uo, and specify the functions A$ (u, z, Z), AL (u, z, z), ¢%(u,z,zZ) and 
gO (u, z, Z) at any time on Z*. 


3 Leading soft gluon theorem 


The soft gluon theorem [8/35] is a relation connecting an n+1 particle scattering where 
the extra particle is a soft gluon (with very low energy) to an n particle scattering. In 
color-ordered amplitude form, it can be put in the following way: 

Mz, =(s2+s5P)M,+O(w), w 0, (29) 


n 


where + and w denote the helicity and the energy of the extra soft gluon, respectively. 
On the right-hand side, s® and sg are the so-called leading and sub-leading (in w) 
soft factors. We revisit the soft gluon theorem in Appendix The soft factors are 
given explicitly by equations (87) and (88). The relation (29) is universal in the sense 
that it is valid for any type of matter minimally coupled at tree level 

To connect soft theorems with asymptotic symmetries, one needs to recall the Ward 
identity of a spontaneously broken symmetry. In S-matrix language, a symmetry is just 
a relation between matrix elements (out’|in’) = (out|in), where the in and out states 
are transformed as |in’) = U™in) and |out’) = U**|out). If a conserved charge Q can 
be associated to the symmetry, the Ward identity becomes 


fout|Q™ — Q™|in) = 0. (30) 


?We will avoid commenting on loop corrections to soft gluon theorems in this work. Those relevant 
issues were well-studied, for instance, in [45H51]. 


The charge for a spontaneously broken symmetry must act non-linearly on the states, 
otherwise it will annihilate the vacuum. In principle, it can be split into a linear piece 
that annihilates the vacuum and a non-linear piece that does not annihilate the vacuum 


Q = QL + Qn. (31) 


The Ward identity for a broken charge is 
(out|QNE — Qnz lin) = —(out|Qz" — Qz'lin). (32) 


If Qui creates zero-momentum Goldstone bosons, equation (82) looks very much like 
the soft theorem (29). We will show precisely that the broken symmetry responsible for 
the soft gluon theorem is the asymptotic symmetry preserving the prescribed conditions 
(10) and (11) with the associated charge (13) in this section. 

It is important to point out that we will only deal with the out part of the states in 
this note. The analysis of the in part can be performed analogously, up to an anti-podal 
identification. These details have been laid out for other theories in [12\[13] (see also [27] 
for the Yang-Mills case), which can be easily extended to the non-Abelian gauge theory 
that we are exploring. 

Following [Z I3], we evaluate the charge (13) at the far past of the future null 
infinity Zt. The leading piece of the charge is 


Q = f dzdz Yzz e° Ae) = i dudzdz Yzz 270, AS) 
Tt T+ 
X = I. dudzdz <0, (0,4 + 0,49) zit iE go cae Aba, AZO = Ag 9, AX) 


Fyz u Oo (gO ð pO = GOD, GO) i 
(33) 


The charge splits into linear and non-linear pieced] 


P = f dudzdz gyu ie°gy uO% (AMAL — A20, ALO”) 
+ yazig, EC% ( pag ® — ga, gr) , (34) 
OW) = | dudedze*d, (0.49 +9-A2), (35) 
T+ 


For the news fields, one needs to perform a stationary-phase approximation of the 
gauge field mode expansion: 


ya v2 ws 


8r? 1+ 2Z Jo 


Ae) = di [a4 (-) (wat) e — at, (wet) 0) 


3One should not confuse with the fact that the linear piece of the charge consists of nonlinear fields 
while the nonlinear piece of the charge consists of linear fields. 


where the creation and annihilation operators satisfy the standard commutation rela- 
tions. Then, using the Fourier relation, 


w= fo dw è" P(w b du ô F (u) = 27i lim 1 uf% E (37) 


and a special choice of the gauge parameter 


1 


El(z, z) = , (38) 
w-—z 
which leads to Oze* = —2767(z — w), we obtain for the non-linear pieces of the chared4 
1 
(ont| 6) in) = + ph lim (outa a$ (q)|in) og (39) 


where a and i, (k = 1,2,---n) are color indices. 

In order to obtain the proper action of the linear pieces of the charge on the out 
states, one has to define canonical commutation relations at infinity. The non-vanishing 
ones are 


(AL (as, 2, z), AX)(u!, wp, T] = tow E ane), (40) 
(BO (u, 2,2), PO (u, tur, Ba)] = Farz Ol -ule ue). (41) 


We define the Fourier modes as 


AG, (we, Tk) = J aE AL (ul wr, tr), 


mo (42) 
Ph, (Wr, Wr) = [au'e™ pO (u, we, Dp). 
The actions of the fields on the Fourier modes are 
1 iEņpu 
[ASO AZ, (we, Ox)] = i2828? (z — we) —, (43) 
4 Ek 
= 1 7 eiEnu 
[6 , bh, (we, We))] = 1788? (z — wp) (44) 
4 Ek 
which yield 
(0) 4d Lav. loam On ae p 
[QL , Ap, (Wk, We)] = ~ Fw — wy) A T (45) 
(0) 4d ohn. MO pn g n 
(QL , b&, (we, Wk)] = — Fw = wp) Pee eh Dh) (46) 


4 We are just keeping the anti-holomorphic parts of the the e (85), meaning those containing 


only 0ze. Consequently, one has to split (84) via Q > oF +5 LOM °) Otherwise one has to introduce 
some extra factors of 2, which arise from a proper treatment of the radiative modes [I3|[5]. The same 
treatment will be applied for the analysis of the sub-leading soft theorem in the next section. 


where the special choice of ° in (B8) has been used. Hence 


oj; E Iyn (Téid (ath 
(out OD in) = — D p ug Olina? (47) 


where (Tê); j = —iC¢'* in adjoint representation. Inserting (£7) and (89) into the 
Ward identity (82), one should be able to reproduce the leading soft gluon theorem 
(92) in asymptotic position space. 


4 Sub-leading soft gluon theorem 


After the realization that the leading soft gluon theorem follows from the asymptotic 
symmetry of the non-Abelian gauge theory, whether or not the sub-leading soft gluon 
theorem follows from new asymptotic symmetries becomes a very important question. 
In Abelian gauge theory and linearized gravity theory, the sub-leading soft theorems 
were shown [20|21) to be equivalent to the Ward identities for the sub-leading pieces (in 
t) of the charge associated to the same asymptotic symmetry responsible for the leading 
soft theorem. It is very interesting to check whether this prescription can recover the 
sub-leading soft gluon theorem in our case. 
The sub-leading piece of the charge (I3)) is 


1 
Q0 = — - | dzdz eA) 
PJI” 
1 a 
=—- | dzdze®|8,A%® + 0,4 (48) 
Paige . 
+ igy O (AAD? — AAD +q OPO — oes gang) : 


The next step should be checking the action of the charge on the states using the 
stationary-phase approximation (86) and the commutation relations (40)-(41). How- 
ever, we find that this is very hard, if not impossible, to achieve due to the complicated 
expressions in (24)-(27). Another difficulty is from the translation of the sub-leading soft 
factor (88) to asymptotic position space. It is not yet clear how to translate the helicity 
terms in the angular momentum operator in the sub-leading soft factor to asymptotic 
position space. As a first step to check the proposal of [202I] in the non-Abelian case, 
we focus on a particular case for the linearized part of the theory. We make the change 
of variables 

A; =} Ai. + Dy a Gr o — D+ Iu Ps (49) 


where (Afi, ®*) is a background solution of the equations of motion (7), and we consider 
the lowest non-trivial order of the theory i.e. the quadratic order (in g,,,) in the 
Lagrangian. In terms of Feynman diagrams, we will only deal with three-point vertices 
in which one gluon couples to two scalars in this note. The gluon three-point vertices 


and more point vertex are left for future investigation. For simplicity, we choose the 
background solution of the gauge field A‘, = 0. With such simplification, the effective 
currents J™ defined in (8) become globally conserved currents while equations (24), 


(25), and (28) reduce to 


20,02 = A,a% + y3 0, (a. a0 _ aza) + (50) 
28,03” = d:a — q7 0z (0,a3® — Aza2) + 92, (51) 
Aya = q8, (82a + 3a) + 52, (52) 


where 
je = 10% (G9, FO — G9, G), 
i= iC (2) 8-6) — 69) 8,6) (53) 
je = 10% (G9, p — $M, 69), 


The sub-leading charge becomes 


Q0 = t L _ dedz "(0,02 + 02a + 7.259), (54) 


where 
je = iC% (GG) _ He) p0), (55) 


oO One can recognize that j; are just the leading terms of the conserved current Jg. In [20], 
N it is very crucial to set the radial component of the current to zero by the ambiguities 
x of a conserved current to adapt to the radial gauge condition Applying the same 
reasoning, we will drop the j? term from the sub-leading charge (54). 

Now the sub-leading charge can be arranged into 


QO = ru f dzdz e%(0,a2 + Əza) = —2u f _ dudedz €78,(0,a2% + d:a%) 
r ES r IA 


— Iu i dndede= 
i 


a d,,(ud,0za0) = ud2020,a0 + 5 (0-98 + ost) 


IJym =a [n1 a(0) __a(0) 
m ra dudzdže u2.0.(oe Ou(Ozaz’ + Oza )) 


1 
+ ud,02jy — 9 (Od: t ai) 


(56) 


where we have used integration by parts several times and one can drop the boundary 
term 


| dzdzdu ð, (u ee 33070) = — lim u | dzdz 0,0;e° a, (57) 
T+ U—->CO rt 


°Such treatment is also needed in the gravity case [21], in which the stress-energy tensor was 
modified. 
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which is simply a consequence of 


(out|Q@ —,e,c0lin) = 0. (58) 
The charge also splits into linear and non-linear pieces 
Qi) = Su | dudzdz [u(0,0ze% + 0;0,€%) j2 + O,€%92 + Oze7j% , (59) 
P IT 


OK) = S | dudedz (-3;(1770:(uð,a3®))O:e — Belaz Oz(uðuazO))AE*) . (60) 


r 
By exploiting the stationary-phase approximation 


a(0) = a v2 i a A) p—iwqu at A\ piwqu 
aza (2) = BT +25 h dwg [as (w2) e — atp (%2) e ] , (61) 
and the Fourier relation 
|. duud,F(u) = —27 lim (ð. (wFw))| , (62) 


one gets the action of the non-linear piece of the chargd] 


(out|QW lin) = i | Vow Ow tesa lim Ong (Out [Wg a (q Hn) , (63) 


where the special choice of £° in (88) has been inserted. 
From the commutation relations 


a 1 
[® R7 z, Z), DO (u', we, We)] = Z ayz Olu’ — u)d?(z — wy), (64) 
the action of the linear piece of the charge is 
7 inc% 
(oO, di, (We, Wr) = a 


(Qo (Yoad(w — We) ðo + You Ye lw — wr) ður) Pm, (Wes Be), (65) 


where ® (wy, Dp) = S du'r 64 (u, wy, Wg) is the Fourier mode of the scalar field. 
Hence 


(out|Q”? lin) = oe = 


an — Wi)) Oo, + Yow wp lw — We)Ow,) (Outin) jain (66) 


To recover the sub-leading soft gluon theorem (93), one just needs to insert (63) and 
(66) into the Ward identity (32), and the relation 


7 Bhs 
a, Lazio, 1 S (1+ w w w) 5 
1+ |w]? | w— Ùk wy, (tw — Wy) 
= —2T Ywo (Ou (Yend(w — wr)) Ou, + Vom We slw — wr) Our.) (67) 
needs to be utilized. 


°The u factor in front should not be worrisome, as it is still combined with a 1/r factor. 
’The factor 24 has been omitted as it will be canceled in the Ward identity (82). 
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5 Discussions 


Based on recent proposals in QED and gravitational theory that soft theorems can be 
interpreted as Ward identities of certain asymptotic symmetries [12\[13], we have shown 
precisely the equivalence of the leading soft gluon theorem and the Ward identity for 
the asymptotic symmetry of non-Abelian gauge theory. Following the prescription 
in [20)/21|, we also show that the sub-leading soft gluon theorem can actually follow 
from the same symmetry in a simpler set-up for which we consider only vertices where 
a gluon couples to two scalars. 

There are several open questions which need detailed investigation in the future. 
An immediate one is whether we can recover the sub-leading soft gluon theorem from 
the Ward identity of the sub-leading charge, including all vertices of the non-Abelian 
gauge theory. There are technical difficulties from the sub-leading charge and the sub- 
leading soft factor with helicity terms. Nevertheless, we believe that this problem can be 
fixed with very careful analysis since the prescription in [20|[21] presents a remarkably 
consistent matching of two expansions and it also partially succeeds in deriving the 
sub-leading gluon theorem. 

Another interesting question comes from the multiple soft emissions [85] (see also 
[52] for recent development). In such a case, the soft factor does not have a simple 
factorization even at the leading order; namely, the soft factor is related to the order 
of the gluons taken to be soft. Such a phenomenon is related to the structure of the 
symmetry group controlling the soft theorem [53]. It would be a very enlightening 
investigation to check the possible connection of the soft theorems with multiple soft 
emissions and asymptotic symmetries. 
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A Surface charge in non-Abelian gauge theory 


We will derive the surface charge for non-Abelian gauge theory (B) using the cohomo- 
logical technique [04I]. Such an approach is based on the equivalence classes of the 
Lagrangian up to total divergences. 

We use ¢' to denote the fields in general in the variational principle. In an n 
dimensional spacetime, the theory is defined by the Lagrangian L = £d"z, where d"x 
is the spacetime volume form. The notation 


(PET) i = dr””t! .,,dg”” (68) 


1 
Ha-pa 
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will be used in this appendix where €,,, .._,,, is completely antisymmetric. The Lagrangian 
is invariant up to total divergences under the non trivial gauge transformations 


bso’ = RC F°). (69) 


The construction of the n — 2 forms can be summarized as follows: for any f*%, 
standard integrations by parts lead to 


i Q ÒL i 
AAS igi = 4 f” RË (=) +dySj, (70) 
for some n — 1 form ae 


vanishing on-shell. The n—2 form will be obtained by acting the contracting homotopy 
operator py for the horizontal differential of the variational bi-complex [54] 


{di, py} = w? forp<n (72) 


on Sf, 
ky = puSy. (73) 
For particular gauge transformations that satisfy R$ (f®) = 0 (we refer to them as 
reducibility parameters), (70) leads to dy Ss = 0. Hence (72) reduces to 


dks = Sp © 0. (74) 


However, the reducibility parameter does not exist in general in many theories (e.g. 
Yang-Mills theory and Einstein gravity). Normally, one would linearize such theories 
around a background solution ¢' for deriving the surface charges. For instance, using 
the linearized theory at infinity with prescribed asymptotics to define conservation 
laws in general relativity is well explained in [55]. In the linearized theory, the gauge 
transformations are denoted by deyt = Ri[y', d](e%). It has been shown that one 
can obtain the n — 2 forms for the linearized theory from the full theory through 


A] +1 ô ð 2 aj 
PES (\) OOF sy nF ada “f 


k[(d¢, o] = K (de)a = (75) 
by the following arrangements: f replaced by the reducibility parameters of the lin- 
earized theory, ¢’ replaced by the background solution ¢’ and 6¢' replaced by any 
solution g’ of the linearized theory. In particular, for Sp up to second order derivatives, 
one can reduce (75) to 


ô o 
kilóg, 6] = Lagi - = S S5 2a [5¢! Tor gy Sih (76) 


Associating conserved charges to asymptotic symmetries is a somewhat tricky ques- 
tion |57]. In practice, one can take a more pragmatic step [40] that lies in using the 
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formula for the n — 2 forms above, but substituting asymptotic reducibility parameters 
and asymptotic solutions determined by the fall-off conditions instead of the exact ones 
from linearized theory. Consequently, the n — 2 forms are in general non-integrable. 
This is precisely what happens in [58H62]. We will follow the same strategy for getting 
the surface charges associated to asymptotic symmetries in non-Abelian gauge theory. 

Applying (70) to the Lagrangian (8) with the precise gauge transformations (9), the 
n — 1 form is obtained as 


S;[60, 9] = -Vr (J F) (dr). (77) 
Using (76), one finds the n — 2 form is actually integrable and given by 


krlóg, 6] = —6 (J F”) (d" 2). (78) 


B Leading and sub-leading soft gluon theorems 


For completeness, we review the leading and sub-leading soft gluon theorems. We 
have set all of the momenta outgoing by using crossing symmetry. The discussion of 
the sub-leading soft limit follows closely the one in [5I]. We denote the amplitude 


with n particles as A(pi,--- ,Pn)i;..i, and the amplitude with the extra one gluon as 
EquA"(Pis*+* , Pn, diina Where ip and a are color indices. We have 
A*(p1, “ty DPn, Vea ‘ina =a zilq+2pr)” (Th Virje Alpin ae Pktq, >: Bien ee eee 
kat (4 + Pr) 


T N” (pı, ~tt Pn, Doi (79) 


where (Tf) inj, = (TR, irj Gauge invariance yields 


O = GA aus Pad ean 
n A ð 
> eget + dug) Alpi, me Pky s Pn) 
k=1 Pku 
+a N" (p1, , Pas = Jaina + O(G’). (80) 


At leading order this leads to 


d(T JinieA(Da °° Pa Pr)in~iynin = O. (81) 


Such a relation can be understood as the Ward identity for a global symmetry which 
is induced from the gauge symmetry by just choosing constant gauge transformation 
parameter. One can also consider (BI) as the non-Abelian generalization of charge 
conservation. 
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At sub-leading order this gives 


n 


o 
Qua N” (pi, Pn: 4 = 0) Jia ‘ina — ~ Ti Nixie Wa APh Pkt: hs es Jpeins 
m 


(82) 
As noticed in [5I], the solution of g“E,, = 0 which is local in g can only be 
E” = (B: (pr, q) - q) B3 (pr, q) — (B2(pr, q) q) Bi (pe, 9). (83) 
Hence it will not contribute to N” (p1, -+-+ , Pn, q = O)i;---ina. SO we have 
m 3 0 
N (pı, t Pn; gd = 0) Jas ‘ina T -5 ( o Jirin ACPI, neey ppn m oer ee oe (84) 
k=1 Pky 


which leads to 


TE) 


A" (pı, t Pn,q Ji “ina =o & Jinx ( (Dh = iq JE ”)A(pı, — ‘Din ass T O(q), (85) 


where Jf” is the total angular momentum operator. Finally the leading and sub-leading 
limit of the amplitude are 


A(p1, “ty Dn, Qi ian = an AN Pr, “t* Pns diina 


— dish so + Sh y (Tk Vinji Ap, i Paise (86) 


where 
so aa D 87 
k AT (87) 
HvV 
SO = ieuteh (88) 
Pr 


Let us now put the soft factors to asymptotic position space to compare with the 
result of the Ward identity for asymptotic symmetries. The null momenta need to be 
parametrized as 


Wk, 


Pku = —— (1 + WrWk, Wk + Wk, i(Wy = Wk), 1— WW) 5 (89) 
1 + wkÙWk 

qa = —— (1 + wō, w +, i(® — w), 1 — wō), (90) 
1 + wù 


and similarly the polarization tensors as 


— l z- ae eao dl Ter 
e, (q) = Fa (w,1,—i, —w), e, lq) = Fa (w,1,7,-—w). (91) 


15 


Now we particularize to an outgoing negative (positive)-helicity soft gluon for the lead- 
ing (sub-leading) soft theorem. The corresponding leading and sub-leading pieces of 
the soft gluon theorems can be rewritten as 


. 1+ wl? S (Teas 
jim (ou [wa 4. (q) |in) i-inr Ja 2 W — Wk 


(outlin)ijgins (92) 


Jim Pu (outliry O° (4) [iM i, in = 


(TE) ix (je (1 + |w?) (w — wr) , 
Edk —— 0n, + ,,, outjin ite jeertn: 93 
2 V2 Ù — Ük wlw — Wr) tiag 93) 


We have only paid attention to vertices where a gluon couples to two scalars for the 
sub-leading soft theorem when deriving (93), so that the angular momentum operator 


is just 
o o 
J” = i | pë — — p — |, 94 
k (n: pk, Pk >) (94) 


without extra helicity terms. 
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